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a b s t r a c t
Kirk and Xu introduced the concept of asymptotic pointwise contractions. In this paper, we
investigate these kinds of mappings in modular spaces. Moreover, the fixed point theorem
for asymptotic pointwise nonexpansive mappings in modular spaces is also studied. The
results of this paper improve and extend the results of Razani et al. [A. Razani, E. Nabizadeh,
M. BeygMohamadi, S. Homaei Pour, Fixed points of nonlinear and asymptotic contractions
in the modular spaces, Abstract and Applied Analysis, 2007 (2007)], and Kirk and Xu [W.
A. Kirk, Hong-Kun Xu, Asymptotic pointwise contractions, Nonlinear Analysis 69 (2008)
4706–4712] to modular spaces.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
The theory of modular spaces was initiated by Nakano [1] in 1950 in connection with the theory of order spaces and
redefined and generalized byMusielak andOrlicz [2] in 1959. In 2007, Razani et al. [3] studied some fixed points of nonlinear
and asymptotic contractions in themodular spaces. Even though ametric is not defined,many problems in fixed point theory
for nonexpansive mappings can be reformulated in modular spaces.
The Banach contraction mapping principle shows the existence and uniqueness of a fixed point in a complete space.
This has been generalized by many mathematicians such as [4–12], and so forth. In addition, Boyd and Wong [13] studied
mappings which are nonlinear contractions in metric spaces. It is necessary to mention that the applications of contraction,
generalized contraction principle for self-mappings, and the applications of nonlinear contractions are well known. Fixed
point theorems inmodular spaces, generalizing the classical Banach fixed point theorem inmetric spaces, have been studied
extensively, for example in [3,14–18].
On the other hand, motivated by the ideas Kirk and Xu [19] generalized pointwise contractions and pointwise
asymptotically nonexpansiveness and also obtained the existence of fixed points in a uniformly convex Banach space.
Recently, Hussain and Khamsi [20] proved the existence of fixed points of asymptotic pointwise mapping in metric spaces.
In this paper, we investigate these kinds of mapping in modular spaces. Moreover, we obtain similar results in the sense
of modular spaces. The results presented in this paper extend and improve the corresponding results of Razani et al. [3], Kirk
and Xu [19] and unify some well-known results in the literature.
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2. Preliminaries and basic definitions
Definition 2.1. Let X be a vector space over K (= R or C). A functional ρ : X → [0,+∞) is called modular, if for arbitrary x
and y, elements of X ,
(1) ρ(x) = 0 if and only if x = 0;
(2) ρ(αx) = ρ(x)whenever |α| = 1;
(3) ρ(αx+ αy) ≤ ρ(x)+ ρ(y)whenever α, β ≥ 0 and α + β = 1if we replace (3) by
(3′) ρ(αx+ βy) ≤ αρ(x)+ βρ(y)whenever α, β ≥ 0 and α + β = 1, then the modular ρ is called convex modular. If ρ is
modular in X , then the set defined by
Xρ = {h ∈ X; lim
λ→0 ρ(λh) = 0}
is called a modular space. Xρ is a vector subspace of X .
Definition 2.2. A function modular is said to satisfy the ∆2-type condition if there exists K > 0 such that for any x ∈ Xρ ,
ρ(2x) ≤ Kρ(x).
Definition 2.3. Let (X, ρ) be a modular space.
(1) A sequence {xn} in Xρ is said to be
(a) ρ-convergent to x if ρ(xn − x) −→ 0 as n −→ ∞ (denoted by xn ρ−→ x, the xn is ρ-convergent to x);
(b) ρ-Cauchy if ρ(xn − xm) −→ 0 as n,m −→ ∞.
(2) Xρ is ρ-complete if any ρ-Cauchy sequence is ρ-convergent.
(3) A subset B ⊂ Xρ is said to be ρ-closed if for any sequence {xn} ⊂ Bwith xn ρ−→ x, we have x ∈ B.
(4) A subset B ⊂ Xρ is called ρ-bounded if
δρ(B) = supx,y∈B ρ(x− y) < +∞,
where δρ(B) is called the ρ-diameter of B.
(5) Say that ρ has the Fatou property if
ρ(x) ⩽ lim infn−→∞ ρ(xn)
whenever xn
ρ−→ x.
(6) ρ is said to satisfy the∆2-condition if ρ(2xn) −→ 0 whenever ρ(xn)→ 0, as n →∞.
Example 2.4. Let (Xρ, ρ) be a modular space, then the function dρ defined on Xρ × Xρ by
dρ(x, y) =

0 x = y,
ρ(x)+ ρ(y) x ≠ y,
is a metric and (Xρ, dρ) is a metric space.
Definition 2.5 (see [15,16]). For r > 0, a modular space Xρ is said to be ρr -uniformly convex if for each ε > 0, there exist
δ > 0 such that for any x, y ∈ Xρ , the condition ρ(x) ≤ r, ρ(y) ≤ r and ρ(x− y) ≥ rε imply
ρ

x+ y
2

≤ (1− δ)r.
Definition 2.6 (see [15,16]). Let Xρ be a modular space. For any ε ≥ 0 and r > 0, the modulus of ρr -uniform convexity of
Xρ is defined by
δρ(r, ε) = inf

1− 1
r
ρ

x+ y
2

: ρ(x) ≤ r, ρ(y) ≤ r, ρ(x− y) ≥ rε

.
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3. Main results
Definition 3.1. Let K be a subset of a modular space Xρ . A mapping T : K → K is said to be a ρ−pointwise contraction if
there exists a function α : K → [0, 1) such that, for each integer n ≥ 1,
ρ(Tx− Ty) ≤ α(x)(ρ(x− y)) for all x, y ∈ K .
Definition 3.2. Let K be a subset of a modular space Xρ . A mapping T : K → K is said to be a ρ−asymptotic pointwise
contraction if there exists a sequence of mapping αn : K → [0, 1] such that, for each integer n ≥ 1, ρ(T nx − T ny) ≤
αn(x)(ρ(x− y)) for all x, y ∈ K ,where αn → α pointwise on K .
Theorem 3.3. Let Xρ be a ρ-modular space. Assume that ρ is convex and K is a ρ-sequentially compact convex subset of Xρ . Let
f : K → K be a ρ− asymptotic pointwise contraction. If a sequence f n(x) is ρ− bounded, then f has a unique fixed point.
Proof. For a fixed x ∈ K , we defined a function g by
g(u) = lim sup
n→∞
ρ(f n(x)− u), u ∈ K .
Since K is a ρ-sequentially compact convex subset of Xρ , we have the asymptotic center of the sequence f n(x) relative to K
AK (f n(x)) = {u ∈ K : g(u) = min
t∈K g(f (t))}
is a closed convex nonempty subset of K .
We will show that f satisfies the property g(f m(u)) ≤ αm(u)g(u), u ∈ K . Indeed, for fixed x ∈ X , we have
g(f m(u)) = lim sup
n→∞
ρ(f n(x)− f m(u))
= lim sup
n→∞
ρ(f n+m(x)− f m(u))
= lim sup
n→∞
ρ(f mf n(x)− f m(u))
≤ lim sup
n→∞
αm(u)ρ(f n(x)− u)
= αm(u)g(u), u ∈ K .
We take u ∈ AK (f n(x)) and since f m(u) ∈ K ,
we have, form ≥ 1,
g(u) ≤ g(f m(u)) ≤ αm(u)g(u) (3.1)
taking the limit in (3.1) asm →∞, we get
g(u) ≤ α(u)g(u).
Hence g(u) = 0.
Since αn(u)→ α(u) < 1 for each u ∈ K and (3.1), we get
g(f m(u)) = 0
for allm ≥ 1, that is, g(f (u)) = 0.
Thus, we have f n(x)
ρ−→ u and f n(x) ρ−→ f (u). Hence,
f (u) = u,
that is u is a fixed point of f .
Next, we prove that f has a unique fixed point. Indeed, if v ∈ K is also a fixed point of f , then, for all n ≥ 1,
ρ(u− v) = ρ(f n(u)− f n(v)) ≤ αn(u)ρ(u− v).
Taking n →∞, we have
ρ(u− v) ≤ α(u)ρ(u− v).
Since α(u) < 1, we immediately get u = v. Hence f has a unique fixed point. 
Definition 3.4. Let K be a subset of a modular space Xρ . A mapping T : K → K is said to be ρ−pointwise asymptotically
nonexpansive if, there exist a sequence of mappings αn : K → [0, 1] for each integer n ≥ 1,
ρ(T nx− T ny) ≤ αn(x)(ρ(x− y)) for all x, y ∈ K ,
where αn → 1 pointwise on K .
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Remark 3.5. It is easy to see that if K is bounded then a ρ−pointwise asymptotically nonexpansive mapping T is of
asymptotically nonexpansive type [10]; that is there exists a sequence {kn} of positive numbers with the property kn → 1
as n →∞ and such that
ρ(T nx− T ny) ≤ knρ(x)
for all n and x, y ∈ K . It is immediately clear that an asymptotically nonexpansive mapping is pointwise asymptotically
nonexpansive.
Question1. Does amodular spacewhichhas the fixedpoint property forρ-pointwise asymtotically nonexpansivemappings?
Question 2. Does a ρ-asymtotically nonexpansive mapping (or more generally, a ρ-asymptotically nonexpansive mapping)
defined on a modular space Xρ have a fixed point if Xρ satisfies some sufficient conditions?
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